We consider the problem of calculating the nonradiative multiphonon transition rate between two electronic states of an impurity embedded in a condensed-phase environment, where all the nuclear degrees of freedom of the bath are taken in the harmonic approximation, and the two electronic states are coupled to the bath diagonally and off-diagonally. The diagonal coupling term includes displacements of the equilibrium positions of the bath modes, the frequency shifts, and Duschinsky rotations of the bath modes between the two electronic states. We consider two forms of the off-diagonal coupling term-the first assumes that this term is independent of the nuclear degrees of freedom, and thus the coupling between the two diabatic electronic states is taken to be a constant; the second is based on the Born-Oppenheimer method in which the off-diagonal coupling term between the two adiabatic electronic states is taken to be a function of the bath momenta operators. This general model is used to examine the accuracy of several commonly used mixed quantum-classical approximations where the two electronic states are treated quantum mechanically while the bath modes are treated classically. We use the lowest-order perturbation theory to calculate the transition rate between the two electronic states, which is given in terms of the Fourier transform of the off-diagonal coupling-element time correlation function. Following the methodology of Kubo and Toyozawa, we obtain an analytic solution for the fully quantum mechanical time correlation function, and extend our method ͓S. A. Egorov, E. Rabani and B. J. Berne, J. Chem. Phys. 108, 1407 ͑1998͔͒ to obtain its mixed quantum-classical counterpart. It is shown that the nonradiative transition rate between the two electronic states calculated using the mixed quantum-classical treatment can deviate by several orders of magnitude from the exact quantum mechanical result. However, the agreement is improved when the classical time propagation of the bath modes is performed with the arithmetic average of the ground-and excited-state nuclear Hamiltonians, and thermal averaging over the initial classical distribution is replaced with the averaging over the corresponding Wigner distribution.
I. INTRODUCTION
Nonradiative decay is a ubiquitous step in numerous chemical and physical processes, such as internal conversion, intramolecular vibrational redistribution, and intermolecular energy relaxation. [1] [2] [3] [4] Radiationless relaxation processes in condensed phases involve energy transfer from electronically or vibrationally excited impurities to the host. It is often the case that the amount of energy transferred exceeds by a large factor the typical energy associated with the thermal motion of the solvent. Clearly, many quanta of the bath excitations must be created in this process, which is commonly referred to as multiphonon relaxation ͑MPR͒.
A generic example of such a process is provided by the nonradiative relaxation of a localized solvated electron. Due to the strong coupling to the solvent, the transitions between the bound states of a solvated electron lead to significant solvent reorganizations. As such, this system serves as a sensitive probe of the effects of the solvent structure and dynamics on the nonradiative transitions, and has received considerable experimental 5, 6 and theoretical [7] [8] [9] [10] [11] [12] [13] [14] attention. Most theoretical work in this field has been based on a model of a quantum solute in a classical solvent, with various levels of approximations used to account for the quantum nature of the solvent. Before discussing the ramifications of such mixed quantum-classical treatments in detail, we will briefly summarize the existing theoretical approaches to MPR in general.
Most theoretical treatments of MPR are based on the time-dependent perturbation theory. One starts by writing the total Hamiltonian as a sum of the zeroth-order Hamiltonian ͑whose eigenstates are typically known͒ and the perturbation term, which induces transitions between the zeroth-order eigenstates. Due to some arbitrariness in defining the zerothorder Hamiltonian and the coupling term, various routes to nonradiative decay are possible. The existing theories generally involve one of the two approaches: the adiabatic ͑Born-Oppenheimer͒ or ''static-coupling'' ͑crude BornOppenheimer͒ methods. The first method is usually invoked when discussing relaxation between electronic states, but can be applied to high-frequency vibrations as well. The coordinates are divided into fast ͑electronic or high-frequency vibration͒ and slow ͑bath modes͒ components. One neglects for the moment the kinetic energy of the bath, and finds the eigenstates of the Hamiltonian for fixed solvent coordinates. The eigenvalues of this procedure generate the usual adiabatic potential surfaces, and transitions between these surfaces are due to the ''nonadiabatic'' coupling ͑solvent kinetic energy͒ term in the full Hamiltonian. In solid-state theory, this approach was employed by Kubo and Toyozawa, 15 Perlin, 16 Miyakawa and Dexter, 17 and others. 1, [18] [19] [20] [21] [22] Recently, this approach has become widely used in the field of liquid phase chemistry in the context of calculating nonradiative relaxation rates of solvated electrons. 11, 12, 14 The second approach can be summarized as follows: one assumes that the total Hamiltonian can be written as H ϭH TLS ϩH b ϩH 1 , where H TLS is the Hamiltonian for the two relevant quantum levels of the impurity ͑two-level system or TLS͒, H b is the Hamiltonian of the bath, and H 1 is the interaction between the impurity and bath degrees of freedom. Depending on the form of H 1 , different routes to multiphonon relaxation are possible; the two most common ones involve ''shifted/distorted surfaces'' and ''high-order coupling'' schemes. In the shifted/distorted surfaces approach, the diagonal matrix elements of H 1 ͑in the basis that diagonalizes H TLS ) are functions of bath coordinates. This produces different potential energy surfaces for each state of the TLS, and in the lowest-order perturbation theory, offdiagonal matrix elements of H 1 yield multiphonon transitions. Mathematically, this route is similar to the adiabatic approach discussed above, and it has been developed quite extensively. 1, [23] [24] [25] [26] [27] [28] [29] [30] [31] [32] In the high-order coupling approach, the diagonal matrix elements of H 1 are taken to be constant, while the off-diagonal matrix elements are nonlinear functions of the bath coordinates, which again allows for multiphonon processes in the lowest-order perturbation theory. This is the most common and straightforward theoretical approach to MPR, and it has been discussed by many authors. 1, 31, [33] [34] [35] [36] [37] [38] [39] [40] [41] [42] [43] [44] [45] [46] The relative importance of the shifted/ distorted surfaces versus high-order coupling approach in calculating MPR rates has been analyzed both for vibrational 47, 48 and electronic transitions. 31 In the case of vibrational relaxation, the high-order coupling mechanism has been shown to dominate the rate. This result is due to the fact that the change in the impurity internal vibrational state has only a small effect on its coupling to the bath, and therefore the potential energy surfaces corresponding to different states of the impurity do not differ appreciably. On the other hand, upon electronic transition, the impurity-bath coupling can be altered significantly, and the relaxation mechanism due to the distortion of potential energy surfaces may become dominant.
The methods of calculating MPR rates discussed above are quite general, and formally apply both to crystalline and liquid hosts. However, their practical realization differs significantly in these two cases. In particular, the lowtemperature solids can be treated in the harmonic approximation, which allows for the fully quantum mechanical calculation of the transition rates. At the same time, the quantum dynamics in liquid hosts is much more difficult to handle computationally, and a common approach is to employ a mixed quantum-classical treatment ͑quantum TLS in a classical bath͒. Within this framework, one is faced with the problem of inferring fully quantum mechanical rates from the results of the mixed quantum-classical simulations. The exact prescription for doing this is known only for certain simple models. 49 In the general case, the exact solution to this problem is, of course, unknown, and various approximate schemes for incorporating quantum effects have been proposed. 11, 12, 14, 45, 46, 50 Given the approximate nature of these ''correction schemes,'' it is of great importance to assess their accuracy by studying exactly solvable models. One such study was recently carried out by two of us in the context of vibrational energy relaxation in condensed phases. 45 It was mentioned earlier that within the crude Born-Oppenheimer method, the high-order coupling route gives the dominant contribution to the vibrational relaxation rate. Accordingly, this particular route was considered in Ref. 45 . Specifically, the bath Hamiltonian H b was taken to be harmonic, and the coupling term H 1 was written as an exponential function of the bath coordinates. It was shown that the fully quantum relaxation rate and the rate obtained from the mixed quantum-classical treatment can differ by several orders of magnitude for sufficiently high vibrational frequencies of the impurity. In order to relate this result to the studies of vibrational relaxation in liquids, a model based on Lennard-Jones interactions was considered, and an approximate ''quantum correction'' for the relaxation rates was derived by mapping this model onto an effective harmonic bath. The quantum correction factor was found to depend nearly exponentially on the vibrational transition frequency of the impurity.
In view of the above findings, which illustrate the importance of solvent quantum effects for the relaxation rates involving high-frequency vibrational modes, it would be of interest to perform a similar study for the electronic nonradiative relaxation, where typical energy gaps exceed many times those associated with vibrational transitions; therefore, quantizing the solvent can be expected to have an even stronger effect on the relaxation rates. This issue is of particular importance in view of the recent theoretical work on the nonradiative relaxation of solvated electrons, where the quantum transition rates are often obtained from quantumclassical molecular dynamics simulations. 12 The expression for transition rates in Ref. 12 involves certain timecorrelation functions, which are evaluated in terms of the trajectories of a purely classical solvent. In order to account for the quantum nature of the bath, these classical correlation functions are identified with the corresponding symmetrized quantum time correlation functions, thus ensuring that the transition rates obey the detailed balance condition. 51 However, the study of vibrational energy relaxation based on an exactly solvable model has shown that this particular method of building in the detailed balance is the least accurate among the available quantum correction schemes. 45, 49, 52 A similar study of electronic relaxation processes would enable one to gain some insight into the relation between the quantum electronic transition rates and the semiclassical approximations to them. This is precisely the goal of the present work. Since the high-order coupling mechanism has been extensively treated in the context of vibrational relaxation, 45 we focus here on the other two routes to MPR: the ''distortion dominated limit'' of the static-coupling method, and the Born-Oppenheimer approach, where the electronic transitions are induced by the nonadiabatic coupling arising from the nuclear kinetic energy.
The organization of the paper is as follows. In Sec. II we introduce our model Hamiltonian and give expressions for quantum and semiclassical electronic transition rates. In Sec. III we further specify our model and calculate the transition rates within the static-coupling method. We consider separately two cases: shifted 11 and shifted/distorted 28, 30 multidimensional harmonic potential energy surfaces. In Sec. IV, similar calculations are performed within the BornOppenheimer approach. In Sec. V, we conclude.
II. MODEL HAMILTONIAN AND ELECTRONIC RELAXATION RATES
We consider an impurity embedded in a condensed phase environment, which we model as a harmonic bath. The impurity has two relevant quantum levels-initial ͑excited͒ and final ͑ground͒, which we label as ͉1͘ and ͉0͘, respectively; their energies are E 1 and E 0 . We write a general Hamiltonian for a TLS coupled ͑diagonally and offdiagonally͒ to a bath 
With the above form of the total Hamiltonian, it is clear that the Hamiltonian corresponding to the excited state of the TLS is given by H b , while the Hamiltonian corresponding to the ground state is given by H b ϩ⌬. This form of the Hamiltonian is the most convenient choice for the present problem, yet it is completely general within the harmonic model.
As discussed in the introduction, we use the lowest order perturbation theory to calculate the transition rate between the states of the TLS
In the above, ͗•••͘ denotes the quantum mechanical average over the bath coordinates performed with H b ͑i.e., the nuclear Hamiltonian corresponding to the initial state of the impurity͒; T ជ is the time-ordering operator, and both ⌬(t) and V 10 (t) are the Heisenberg form for the diagonal and offdiagonal coupling terms ⌬ and V 10 , respectively, and are given by
We have assumed that the TLS in the initial ͑excited͒ state reaches equilibrium with the bath prior to the occurrence of the relaxation process. So far, our treatment has been fully quantum mechanical. Since the main interest of the present work concerns the consequences of the classical treatment of the solvent, we also provide an expression for the transition rate when the bath dynamics is treated classically
where ͗•••͘ cl denotes a classical equilibrium average over initial coordinates and momenta performed with H b . ⌬(t) and V 10 (t) are no longer Heisenberg operators, but rather functions of dynamic classical variables, whose time dependence is governed by H b ͑see below͒, and the time ordering is no longer necessary. This semiclassical approximation has been recently discussed by us in the context of calculating vibronic absorption spectra of chromophores in condensed phase environment, where a similar model has been employed. 54, 55 This approach ͓which we have termed the dynamical classical limit ͑DCL͔͒ is one of the most widely used semiclassical approximations. In particular, the study of nonadiabatic transitions of solvated electrons 12 mentioned in the introduction has been carried out with this method. However, this semiclassical approximation is not unique, since the quantum result for the rate ͓Eq. ͑4͔͒ can be rewritten in various different ͑but equivalent͒ forms leading to different semiclassical approximations, which are not equivalent to each other. 53 All these semiclassical expressions have the form of Eq. ͑7͒, but the Hamiltonian used to propagate the nuclear degrees of freedom is different in each case. 53, 56 The DCL method represents one possible choice of the propagation scheme, where the time dependence of the classical variables is governed by the initial state nuclear Hamiltonian (H b in the present case͒. Alongside the DCL scheme, in our study of vibronic spectra we have considered another semiclassical approximation, where the dynamics of the nuclear degrees of freedom is governed by the arithmetic average of the nuclear Hamiltonians corresponding to the initial and final states of the impurity ͑in the present case it is H b ϩ⌬/2).
57 Accordingly, this approximation has been termed the averaged classical limit ͑ACL͒. 54, 55 This particular choice of the propagation scheme has been motivated by the analysis of the Wigner form of the quantum mechanical expression for the relevant time-correlation function. 54, 57 It has been found that the ACL method gave consistently more accurate results than the DCL approximation ͑in a sense of better agreement with the exact quantum results͒. In the present work, we will test the accuracy of both semiclassical schemes ͑DCL and ACL͒ for calculating nonradiative electronic transition rates.
It is clear from the Eqs. ͑4͒ and ͑7͒ that the central quantities in the calculation of the transition rate are the offdiagonal (V 10 ) and the diagonal (⌬) coupling terms. As discussed in the introduction, we will consider two different forms of the off-diagonal coupling: ͑a͒ V 10 is taken to be constant ͑static-coupling scheme͒, and ͑b͒ V 10 is the offdiagonal matrix element of the nuclear kinetic energy operator ͑Born-Oppenheimer method͒. Regarding the diagonal coupling term, we write it as a quadratic form in the phonon coordinates
This form of diagonal coupling arises when the two potential energy surfaces corresponding to the two states of the TLS can be described by two multidimensional harmonic surfaces with different equilibrium positions and different frequencies with the additional possibility of mode mixing between the two states. The first two terms in ⌬ are due to the displacements of the equilibrium positions of the normal modes, while the last term corresponds to the frequency shifts and Duschinsky rotations of the normal modes between the two electronic states.
In the next section we will further specify our model, and will perform the calculations of the electronic transition rates within the static-coupling scheme both quantum mechanically and with various semiclassical approximations.
III. STATIC-COUPLING APPROACH
Under the assumption of the constant off-diagonal coupling, the quantum mechanical expression for the transition rate given by Eq. ͑4͒ reduces to the Fourier transform ͑evalu-ated at the frequency el ) of the thermal average of the timeordered exponential
͑9͒
As discussed in the previous section, in order to obtain a semiclassical approximation to the above result, one needs to replace the quantum mechanical average with the classical one, neglect the time ordering, and treat ⌬(t) as a function of dynamic classical variables. In addition, one needs to specify the Hamiltonian used for the propagation of the classical degrees of freedom. Here, we will limit ourselves to the two aforementioned propagation schemes, i.e., the DCL and the ACL approximations. We note that the form of the diagonal coupling term ⌬ given in Eq. ͑8͒ is completely general within the harmonic model. At the same time, numerous theoretical studies considered a simplified situation, where ⌬ is taken to be a linear function of bath coordinates. 11, 53, 56, 29 We will start by looking at this simple model, and then proceed to treat a more general case of quadratic diagonal coupling.
A. Linear diagonal coupling
We consider the model of two identical mutually displaced multidimensional harmonic surfaces, where the diagonal coupling term has the form
The quantum mechanical transition rate for this model has been calculated by many authors 1,11,15
where the spectral density J() is given by
͑12͒
Note that in the limit t→ϱ, the second exponential in the integrand in Eq. ͑11͒ decays to a constant value ͑which is nonzero and real͒. Therefore, the time integration will lead to an appearance of a delta function for el ϭ0. Since we are only interested in the rates of electronic transitions for nonzero ͑in fact, large!͒ energy gaps, in performing the numerical calculations of the transition rates below, we will simply subtract the above constant from the second exponential in the integrand in Eq. ͑11͒. The dynamical classical limit of this model has also been derived, 11, 53, 58 and the result reads:
The presence of ប in the above result stems from the semiclassical nature of the DCL approach: the two electronic levels are treated quantum mechanically, while the nuclear de-grees of freedom are propagated classically. Note that within the DCL approximation, the sin(t) term present in the quantum mechanical result is replaced by its short-time limit. As a consequence, in the limit t→ϱ, the second exponential in the integrand in Eq. ͑13͒ develops an oscillatory behavior ͑rather than decaying to a real constant value as in the quantum-mechanical case͒. This makes it impossible to obtain a converged result for the DCL transition rate within this model. The above drawback of the DCL approach is remedied in the ACL method. By following the procedure outlined in Ref. 54 , one obtains the following closed-form analytical expression for the transition rate in the ACL approximation:
The only difference of the above result from the quantummechanical expression given by Eq. ͑11͒ is that the coth(␤ប/2) is replaced by its high-temperature limit. This difference can be traced to the fact that the thermal averaging in the ACL approximation is performed with the classical probability distribution. This suggests a modification of the ACL method, where the averaging is performed instead with the Wigner distribution based on the initial state nuclear Hamiltonian. 59, 60 We will refer to this approximation as the WACL. In the present model, the latter is given by Eq. ͑3͒, and the Wigner distribution takes a simple Gaussian form:
ͬͮ .
͑15͒
The above form can be readily employed within our method of calculating the transition rate. It turns out that the combination of thermal averaging with the Wigner distribution and the propagation with the average Hamiltonian produces the exact quantum mechanical result for the rate. It is worth emphasizing that this conclusion holds only for the case of mutually displaced identical harmonic surfaces. It no longer holds in a more general situation, when the frequency shifts and/or Duschinsky rotations of ͑harmonic͒ modes are present. Needless to say, the above conclusion also breaks down in the case of anharmonic surfaces. We now use the results given in Eqs. ͑11͒ and ͑14͒ to perform model calculations of the electronic transition rates between the identical, linearly displaced harmonic surfaces. It is clear from the above equations that this model is completely specified by a single spectral density J(). In the case of electronic relaxation processes ͑which are characterized by large transition gaps͒, the dominant contribution to the relaxation rate generally comes from the coupling of the impurity to the optical phonons, whose frequencies are higher than the acoustic phonons. 42 In order to model the corresponding spectral density, we have chosen a Gaussian form centered at op with the width parameter and the normalization constant 28 J͑ ͒ϭ
Since optical phonons are characterized by a narrow dispersion, we have limited ourselves to the case / op Ӷ1, which, in addition, allows us to avoid the nonphysical contributions arising from the tail of the Gaussian function extending to negative frequencies. Specifically, we have chosen the following values of the parameters: op ϭ1.0; ϭ0.1 ͑from now on, we employ atomic units͒. With the above J(), we have calculated the electronic relaxation rates for the inverse temperature ␤ϭ4 and the off-diagonal coupling matrix element V 01 ϭ0.1 from the fully quantum mechanical expression given by Eq. ͑11͒ and from the ACL approximation given by Eq. ͑14͒. ͓As discussed earlier, the transition rate in the dynamic classical limit from Eq. ͑13͒ does not converge in this case due to the nondecaying oscillatory behavior of the correlation function.͔ The results of our calculations are shown in Fig. 1 , where we present a semilog plot of the transition rate ͑scaled by op ) versus the dimensionless energy gap el * ϭ el / op . The frequencies of optical phonons typically lie in the range of 500-800 wave numbers, while the electronic energy gaps are generally on the order of several thousands of wave numbers. Hence, we have performed the model calculations up to the value of the reduced energy gap el *ϭ10.
One sees that for the largest energy gap considered, the ACL approximation underestimates the transition rate by more than an order of magnitude as compared with the fully quantum mechanical ͑FQM͒ result. As stated earlier, this differ- ence arises entirely from the fact that the thermal averaging in the ACL method is performed with the classical distribution function. When the latter is replaced by the Wigner distribution, one recovers the exact quantum mechanical result for the transition rate. Since the above conclusion rigorously holds only for the highly simplified model of the linearly displaced harmonic surfaces, it would be of interest to test the accuracy of the WACL method in a more general case; this will be done in the next subsection.
B. Quadratic diagonal coupling
Here, we consider the most general case of quadratic diagonal coupling between two multidimensional harmonic surfaces, i.e., we include both frequency shifts and mode mixing due to the Duschinsky rotations. 30 The fully quantum mechanical result for the transition rate is given by Eq. ͑9͒ with the operator ⌬ from Eq. ͑8͒. In this general case, the model cannot be solved analytically, and one has to resort to a numerical approach based on the Kubo-Toyozawa formalism. This method has been used earlier by us in the study of vibronic spectra in condensed phases, 54 and can be applied in a similar fashion to the problem at hand; the details of the implementation are listed in Ref. 54 .
Since the method is limited to a finite number of bath modes N b , we need to specify a procedure for choosing the frequencies ␣ , the linear-coupling coefficients ␦ ␣ , and the quadratic-coupling coefficients g ␣␣ Ј . The procedure we have adopted has been motivated by our study of vibronic absorption spectra in condensed phases. 54, 55 We single out one ''tagged'' bath mode Q 1 and couple it to the remaining bath modes Q ␣ via the bilinear term c ␣ Q 1 Q ␣ ͓␣ ϭ2,...,N b ; the tildes on Qs serve to indicate that these modes are distinct from the ones which enter in Eq. ͑3͔͒. This is done for both electronic states. For simplicity, we assume that the spectral density, ͚ ␣ c ␣ 2 /(2 ␣ )␦(Ϫ ␣ ), which describes the coupling between the tagged mode and the remaining bath modes is again given by Eq. ͑16͒. In order to obtain the coupling coefficients c ␣ , we follow the procedure outlined in Ref. 54 . The spectral density from Eq.
͑16͒ is discretized evenly with an increment ␦ ͑thereby giving the frequencies ␣ ), and the coupling coefficients are calculated according to
The values of the peak frequency op and the normalization constant are taken to be different in the two electronic states ( op 0 and 0 for the state ͉0͘, and op 1 and 1 for the state ͉1͘). Similarly, the frequency of the tagged mode is taken to be different for the ground and for the excited electronic state-1 0 and 1 1 , respectively. We now diagonalize the excited-state nuclear Hamiltonian with an appropriate unitary transformation U, thereby reducing it to the form H b given in Eq. ͑3͒. The same transformation is subsequently applied to the ground-state nuclear Hamiltonian. Since the two Hamiltonians in their original form differ with respect to the frequency of the tagged mode and the coupling between the tagged mode and the remaining bath modes, they cannot be diagonalized simultaneously. Consequently, the transformation of the ground-state nuclear Hamiltonian with U results in a form H b ϩ ͚ ␣␣ Ј g ␣␣ Ј Q ␣ Q ␣ Ј , which allows us to obtain the quadratic coupling coefficients g ␣␣ Ј in Eq. ͑8͒.
In addition, we need to specify the linear coupling coefficients ␦ ␣ . We achieve this by shifting the equilibrium position of the tagged mode Q 1 in the original ͑i.e., untransformed͒ ground-state nuclear Hamiltonian by an amount d 0 .
When the unitary transformation U is applied to the groundstate Hamiltonian ͑with just one mode shifted͒, the equilibrium positions of all transformed modes Q ␣ get displaced by ␦ ␣ , which allows us to obtain the first two terms in Eq. ͑8͒.
Admittedly, the above choice of the linear-and quadratic-coupling coefficients may seem rather restrictive. As an alternative, we have considered a somewhat different procedure, where the operator ⌬ is written in terms of a single collective phonon coordinate, the latter being a linear combination of the bath normal modes. 62 While the relations between the quantum mechanical results and various semiclassical approximations for the electronic transition rates were similar in the two approaches, the first method proved to give faster convergence with respect to the number of bath modes. Therefore, in what follows, we will restrict ourselves to the procedure based on the ''tagged'' mode.
The semiclassical approximation to the transition rate is given by Eq. ͑7͒ ͑with V 10 taken to be constant͒. When ⌬(t) is propagated with the initial state nuclear Hamiltonian H b , one obtains the DCL result ͑which does converge in the present case͒, while the propagation with the average Hamiltonian H b ϩ⌬/2 corresponds to the ACL scheme. ͑Once again, the practical details of the calculations are exactly the same as those given in Ref. 54 .͒ In both cases, the thermal averaging is performed with the classical probability distribution based on H b . In an analogy to the linear-coupling case, we have also employed the WACL method.
We have calculated the electronic transition rates for the inverse temperature ␤ϭ4 and the off-diagonal coupling matrix element V 01 ϭ0. Fig. 2 , where we present a semilog plot of the transition rate ͑scaled by op 1 ) versus the dimensionless energy gap el *ϭ el / op 1 . One sees that for the largest energy gap considered ( el *ϭ10͒, the DCL approximation underestimates the transition rate by nearly two orders of magnitude, while the ACL result is nearly one order of magnitude smaller than the quantum mechanical rate. The WACL method no longer produces the exact quantum result, but does provide a very good approximation to it ͑es-pecially for the large energy gaps͒.
We remark that the quantum mechanical time correlation function appearing in the static-coupling approach ͓see Eq. ͑9͔͒ is similar to the one considered in our study of vibronic absorption spectra. 54, 55 We have analyzed the Wigner form of this time-correlation function, and have arrived at the conclusion that a semiclassical treatment should employ the average Hamiltonian for the propagation of the nuclear degrees of freedom. Therefore, the good performance of the WACL method is hardly surprising. However, we emphasize that the above conclusion is only valid for the static-coupling scheme, i.e., for the constant off-diagonal coupling matrix elements. It no longer holds when these matrix elements depend on the nuclear coordinates and/or momenta, as we will illustrate in the next section.
IV. BORN-OPPENHEIMER METHOD
In the Born-Oppenheimer method, the zeroth-order Hamiltonian is written as a sum of the electronic Hamiltonian ͑containing the electronic energy and the electronnuclear interaction͒ and the nuclear potential energy operator. In contrast to the static-coupling approach, the eigenstates of the electronic Hamiltonian (͉0͘ and ͉1͘) depend parametrically on the nuclear coordinates. The perturbation term ͑which induces the transitions between the two electronic states͒ is given by the nuclear kinetic energy operator, and its off-diagonal matrix element reads
͑18͒
where we have defined two vectors P ជ and S ជ with components P ␣ and S ␣ ϭ͗1͉P ␣ ͉0͘, respectively. Following Kubo and Toyozawa, 15 we neglect the second term in the above equation and assume S ␣ to be independent of the nuclear coordinates.
The quantum mechanical result for the electronic transition rate in the Born-Oppenheimer method is thus given by Eq. ͑4͒ with V 10 ϭS ជ
• P ជ . The corresponding semiclassical approximations are obtained in exactly the same way as in the static-coupling approach. Once again, we will consider separately two cases: linear and quadratic diagonal coupling.
A. Linear diagonal coupling
The closed-form result for the quantum mechanical transition rate within this model has been given by Kubo and Toyozawa
where in addition to the spectral density J(), we have defined two other spectral densities-J S () and J ␦S () as follows:
and
͑21͒
As in the static-coupling scheme, in the limit t→ϱ the time correlation function in the integrand of Eq. ͑19͒ decays to a nonzero real constant, which we will subtract when performing the Fourier transform to calculate the transition rate. The DCL approximation for the transition rate within this model can also be obtained in a closed form, and the result reads
͑22͒
In the long-time limit, the time-correlation function in the integrand of Eq. ͑22͒ develops an oscillatory behavior, which precludes us from obtaining a converged result for the transition rate. Turning to the ACL approximation, we have employed the procedure outlined in Ref. 54 to obtain the following expression for the transition rate:
͑23͒
Finally, the WACL method yields:
͑24͒
Even though the diagonal-coupling term is linear in the nuclear coordinates, the above result does not coincide with the quantum mechanical one because of the dependence of the off-diagonal coupling matrix element on the nuclear momenta.
We now use the results given in Eqs. ͑19͒, ͑23͒, and ͑24͒ to perform model calculations of the electronic transition rates between the identical, linearly displaced harmonic surfaces coupled by the nuclear kinetic energy operator. In addition to J(), we need to specify functional forms for the two other spectral densities-J S () and J ␦S (). For simplicity, we take J()ϭJ S ()ϭJ ␦S (), with J() given by Eq. ͑16͒. Setting op ϭ1.0; ϭ0.1, we have calculated the electronic relaxation rates for the inverse temperature ␤ϭ4 from the fully quantum mechanical expression given by Eq. ͑19͒ and from the two levels of the ACL approximation given by Eqs. ͑23͒ and ͑24͒. The results of our calculations are shown in Fig. 3 , where we present a semilog plot of the transition rate ͑scaled by op ) versus the dimensionless energy gap el *ϭ el / op . One sees that for the largest energy gap considered ( el *ϭ10͒, the ACL approximation from Eq.
͑23͒ with the classical thermal averaging underestimates the transition rate by nearly an order of magnitude, while the one from Eq. ͑24͒ overestimates the rate by about the same factor. In other words, the combination of the ACL propagation scheme and the Wigner distribution-based averaging is no longer sufficient to obtain satisfactory results.
B. Quadratic diagonal coupling
Substituting V 10 ϭS ជ
• P ជ and ⌬ ͓given by Eq. ͑8͔͒ into Eq. ͑4͒, one can easily carry out the quantum mechanical trace in the coordinate representation. 15 The resulting expression for the transition rate is given in Ref. 15 ; it is more cumbersome than in the case of linear diagonal coupling, and will not be reproduced here. The DCL approximation for the rate ͑which in the present case converges͒ and the two variants of the ACL result are equally straightforward to obtain by using the methodology similar to the one introduced by us in the study of vibronic absorption spectra. In practice, the calculations of both quantum mechanical and semiclassical rates are limited to a finite number N b of bath modes. We select the frequencies ␣ , the linear coupling coefficients ␦ ␣ , and the quadratic coupling coefficients g ␣␣ Ј in exactly the same way as was described in the previous section. In addition, we need to specify the components of the vector S ជ . As in the case of linear coupling coefficients ␦ ␣ , we start by ascribing a particular value s 0 to the tagged mode in the untransformed ground-state nuclear Hamiltonian. Upon transforming the latter with the unitary transformation which diagonalizes the excited-state Hamiltonian, one obtains the coefficients s ␣ for each of the bath modes.
The semiclassical approximation to the transition rate is given by Eq. ͑7͒. When ⌬(t) and V 10 (t) are propagated with the initial state nuclear Hamiltonian H b , one obtains the DCL result, while the propagation with the average Hamiltonian H b ϩ⌬/2 corresponds to the ACL approximation ͑with two options for performing the thermal averaging͒.
We have calculated the electronic transition rates for the inverse temperature ␤ϭ4. Fig. 4 , where we present a semilog plot of the transition rate ͑scaled by op ) versus the dimensionless energy gap el * ϭ el / op . For the largest energy gap considered ( el *ϭ10͒, the DCL approximation underestimates the transition rate by several orders of magnitude, while the ACL result is about two orders of magnitude smaller than the quantum mechanical rate. The WACL method still provides the best approximation to the exact quantum result, although in the present case it is less accurate compared to the static-coupling scheme.
We remark that the latter finding has certain ramifications for the semiclassical calculations of vibronic absorption spectra considered in our earlier work. 54, 55 In that work, the spectra were calculated within the Franck-Condon approximation, and the ACL method was generally found to give highly accurate results. However, if one goes beyond the Franck-Condon approximation, the off-diagonal matrix elements of the dipole operator acquire a dependence on the bath coordinates, and the analysis of the Wigner form of the corresponding time-correlation function would no longer suggest classical propagation with the average Hamiltonian. In other words, the ACL method can then no longer be expected to provide accurate results.
V. CONCLUSIONS
In this work, we have considered the problem of calculating the radiationless transition rates between the electronic states of a TLS coupled diagonally and off-diagonally to a condensed phase environment, with all the nuclear degrees of freedom treated in the harmonic approximation. Two particular routes to the nonradiative relaxation were studied: static-coupling scheme ͑where the coupling between the two diabatic electronic states was taken to be a constant͒, and the Born-Oppenheimer method ͑where the off-diagonal coupling term between the two adiabatic electronic states was taken to be a function of the bath momenta operators͒. Within each method, the diagonal coupling term was written as a general quadratic form in the bath coordinates, thereby including the displacements of the equilibrium positions of the bath modes, the frequency shifts, and Duschinsky rotations of the bath modes between the two electronic states.
The major goal of the present work has been to examine the accuracy of several commonly used mixed quantumclassical approximations in calculating the nonradiative transition rates, where the two electronic states are treated quantum mechanically while the bath modes are treated classically. We employed the lowest-order perturbation theory in the form of Fermi's Golden Rule to calculate the transition rate between the two electronic states. The rate was written in terms of the Fourier transform of the timecorrelation function for the off-diagonal coupling matrix element. Following the methodology of Kubo and Toyozawa, we have obtained an analytic result for the fully quantum mechanical time correlation function, and have extended our method 54, 55 to calculate its mixed quantum-classical counterpart. We have assumed that the nonradiative relaxation process is dominated by the coupling of the electronic degree of freedom to the optical phonons. Having introduced a model spectral density for the latter, we have calculated the transition rates both quantum mechanically and semiclassically. Our model calculations have shown that the mixed quantum-classical treatment can underestimate the transition rate by several orders of magnitude when the electronic gap is larger than the optical bath frequency. The agreement with the quantum result was improved when the classical time propagation of the bath modes was performed with the arithmetic average of the ground-and excited-state nuclear Hamiltonians and thermal averaging over the initial classical distribution was replaced with the averaging over the corresponding Wigner distribution. Nevertheless, even the latter FIG. 4 . Semilog plots of the nonadiabatic transition rate for quadratic diagonal coupling and momenta-dependent off-diagonal coupling as a function of the reduced electronic gap. Both DCL and ACL deviate from the FQM result by several orders of magnitude. The WACL is in much better agreement with the FQM result; however, it is not exact. The noise at large electronic gaps is due to numerical difficulties in performing the Fourier transform to obtain the rate. approach provided satisfactory results for the relaxation rates only within the static-coupling scheme, and was found to deviate from the quantum result appreciably in the BornOppenheimer method. Moreover, our study was limited to quadratic potential energy surfaces, and it is likely that for anharmonic systems the average propagation scheme with a Wigner initial distribution would fail.
It is worth noting the difference between the ''mixed state propagation'' method discussed above and the mean field approach ͑also known as the time-dependent selfconsistent field͒. 63 In the latter method, the potential energy surfaces corresponding to different states of the quantum subsystem are combined to form a ''mean surface'' with the weights determined by the populations of the corresponding quantum states. On the other hand, in the approach discussed herein, the prescription for constructing a ''mixed propagation scheme'' follows from the analysis of the Wigner form of the exact quantum time kernel and its subsequent expansion in powers of the Planck's constant. As already mentioned, the conclusion that the optimal results ͑for the set of systems studied here͒ are obtained by propagating classical degrees of freedom on the average of the ground-and excited-state potential energy surfaces, holds rigorously only for the static-coupling scheme, and is not accurate in the Born-Oppenheimer method.
Regarding the sampling of the initial conditions from the Wigner distribution function, we note that it can be performed in a straightforward fashion only for harmonic models. For more realistic anharmonic systems this distribution can become negative, and thus cannot be sampled in a simulation using a conventional method. One therefore needs to resort to approximations such as local harmonic treatment of potential energy surfaces, or perform an expansion of the Wigner distribution function in powers of the Planck's constant ͑the latter approach can be expected to work only for sufficiently high temperatures͒. Obviously these approximations have limited range of validity and their accuracy remains to be tested.
Finally, we remark that the present study has been based entirely on the Fermi Golden Rule. One possible way to go beyond the lowest-order perturbation theory is provided by the surface-hopping technique. 64 However, similarly to the semiclassical treatments considered in this work, the surface hopping method also relies on the mixed quantum-classical ͑MQC͒ description of the system. When the coupling between the quantum states involved is weak, the perturbation theory is valid, and therefore the results from the surfacehopping calculations are expected to be similar to those obtained from the MQC perturbative approach taken in this work. The methods for improving these results ͑i.e., mixed state propagation and thermal averaging with the Wigner distribution͒ can be readily incorporated into a surface-hopping method, although the same limitations as discussed in the previous paragraphs would also apply. We also note that surface hopping breaks down for strongly avoided crossing in an anharmonic isolated system, and for this any of the above improvements are likely to fail.
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